Abstract. In this paper, we study on the primeness and semiprimeness of a Morita context related to the rings and modules. Necessary and sufficient conditions are investigated for an ideal of a Morita context to be a prime ideal and a semiprime ideal. In particular, we determine the conditions under which a Morita context is prime and semiprime.
Introduction
Throughout this paper all rings are associative with 1 = 0 and modules are unitary. A proper ideal I of a ring R is called prime if for any elements a and b in R, aRb ⊆ I implies a ∈ I or b ∈ I, equivalently if for every pair of ideals A, B of R, AB ⊆ I implies A ⊆ I or B ⊆ I. The prime radical of a ring R is the intersection of all prime ideals of R and denoted by P (R). It is clear that P (R) contains every nilpotent ideal of R. Recall that a proper ideal I of R is said to be semiprime if for any a ∈ R, aRa ⊆ I implies a ∈ I, equivalently for every ideal A of R, A 2 ⊆ I implies A ⊆ I. The concepts of prime and semiprime ideals have very important roles in the ring theory.
A ring R is called prime if 0 is a prime ideal, equivalently for any a, b ∈ R, aRb = 0 implies a = 0 or b = 0. A ring R is said to be semiprime if it has no nonzero nilpotent ideal, equivalently for any a ∈ R, aRa = 0 implies a = 0. Obviously, prime rings are semiprime. Also, it is well-known that a ring R is semiprime if and only if P (R) = 0. has been studied by many researchers (see, e.g., [2, 3, 4, 7] ). In 
This ring is denoted by K s (R). In [7] , it is proved that K s (R) is prime if and only if R is prime and s = 0, and K s (R) is semiprime if and only if R is semiprime and s is a non zero-divisor. Also prime ideals of K s (R) are determined. Motivated by these, in this paper, we study on the primeness and semiprimeness of a Morita context in a general setting. We determine equivalent conditions for an ideal to be a prime ideal or a semiprime ideal in a Morita context. In particular, prime radical of a Morita context is characterized. We obtain necessary and sufficient conditions for a Morita context to be a prime ring and a semiprime ring.
In what follows, Z and Z n denote the ring of integers and the ring of integers modulo n for some positive integer n, respectively. Also 
Primeness of a Morita Context
In this section, we work on ideal structures in a Morita context in terms of primeness and semiprimeness. We exhibit some results in order to prove our main theorems. In Lemma 2.1 for a Morita context (R, V, W, S), elements of R ⊕ W and of V ⊕ S are written as column vectors, and elements of R ⊕ V and of W ⊕ S are written as row vectors. For unexplained notations and definitions we refer to [7] . The following result is very useful for this paper. (1) U is a right ideal of (R, V, W, S) if and only if U = (
where
(2) U is a left ideal of (R, V, W, S) if and only if U = R 1 (U )
(3) U is an ideal of (R, V, W, S) if and only if U = (I, V 1 , W 1 , J) where
Lemma 2.2. Let T = (R, V, W, S) be a Morita context and U a right ideal of T . Then the following hold.
Proof.
(1) Let r w ∈ C 1 (U ). By [7] , there exists r v w s ∈ U . (2) is similar to that of (1).
We now investigate primeness for a one sided ideal of a Morita context. Proof. In order to prove C 1 (U ) is a prime submodule of (R ⊕ W ) R , let 
as a right ideal of T . Note that
Therefore U is not a right prime ideal of T .
semiprime ideal of (R, V, W, S), then we have (1) {v ∈ V : vW ⊆ I} is a prime left R-submodule of V .
(1) Let A denote the left R-submodule {v ∈ V : vW ⊆ I} of V , and r ∈ R, v ∈ V with rRv ⊆ A. Then rRvW ⊆ I. Since I is a prime ideal of I,
Therefore A is prime.
(2) Let B denote the right S-submodule {v ∈ V : W v ⊆ J} of V , and s ∈ S, v ∈ V with vSs ⊆ B. Then W vSs ⊆ J. The ideal J being prime implies
Therefore B is prime.
(3) and (4) are proved similarly.
We now give the following result related to an ideal of a Morita context to be prime. (1) (I, V 1 , W 1 , J) is prime.
(2) I, J are prime ideals of R and S, respectively, and V 1 = {v ∈ V :
Proof. 
Then r 1 ∈ I or r 2 ∈ I. Hence I is a prime ideal of R. Similarly, it can be shown that J is a prime ideal of S. Let A = {v ∈ V : vW ⊆ I}. By Lemma 2.1, it is known that
then xW ⊆ I and so
(2)
is contained by
. By (1, 1) entry of above matrix, r 1 Rr 2 ⊆ I.
As I is prime, r 1 ∈ I or r 2 ∈ I. Hence we have the following cases.
Case I: Suppose that r 1 , r 2 ∈ I. By (1, 1) entry of above matrix, v 1 Sw 2 ⊆ I, and so imply that
On the other hand, again by (2, 1) entry of above matrix, Then Ss 1 SW v 2 ⊆ J. The primeness of J implies that s 1 ∈ J or W v 2 ⊆ J, so v 2 ∈ V 1 .
• If s 1 ∈ J, then r 1 v 1
• If s 1 / ∈ J, then v 2 ∈ V 1 . By (2, 2) entry of above matrix, entry of above matrix,
Case II: Without loss of generality, suppose that r 1 / ∈ I and r 2 ∈ I. By (1, 1) entry of above matrix, r 1 V w 2 ⊆ I. Hence r 1 RV w 2 R ⊆ I. Since I is a prime ideal, r 1 R ⊆ I or V w 2 ⊆ I. As r 1 / ∈ I, V w 2 ⊆ I. So
Hence r 1 V W = r 1 R ⊆ I. This contradiction implies that v 2 ∈ V 1 . Lastly, from (1, 2) entry of above matrix, r 1 V s 2 ⊆ V 1 . Thus r 1 V s 2 W ⊆ I. Then r 1 RV s 2 W ⊆ I. This implies that r 1 R ⊆ I or V s 2 W ⊆ I, as I is prime. Since
This completes the proof.
The conditions V W = R and W V = S are not superfluous in Theorem 2.7 ((2) ⇒ (1)). 
The following theorem is proved in [6, Theorem 1] by Sands. We give a short proof by using prime ideals determined in Theorem 2.7.
Theorem 2.9. Let T = (R, V, W, S) be a Morita context and P (T ) the prime radical of T . Then
, where V 0 = {v ∈ V : vW ⊆ P (R)} = {v ∈ V : W v ⊆ P (S)} and W 0 = {w ∈ W : wV ⊆ P (S)} = {w ∈ W : V w ⊆ P (R)}.
Proof. Let K 1 and K 2 be prime spectrums of R and S, respectively. Let
is a prime ideal of T . Let U be a prime ideal of T . Then U has the form (I, V I , W J , J) for some I ∈ K 1 , J ∈ K 2 by Lemma 2.1, Lemma 2.5 and Theorem 2.7. If all of the ideals (I, V I , W J , J) for I ∈ K 1 , J ∈ K 2 are intersected, then the result is obtained by an easy calculation.
Note that V /V 0 is a left R/P (R) right S/P (S)-bimodule and W/W 0 is a
is a Morita context where the context products are given by
for all v ∈ V and w ∈ W . Then we have the next result.
Proposition 2.10. Let T = (R, V, W, S) be a Morita context, and R/P (R) V /V 0 W/W 0 S/P (S) be defined above. Then
Proof. Let f denote the map from T /P (T ) to
. By easy calculations, it can be shown that f is a ring isomorphism.
Now we give a result related to an ideal of a Morita context to be a semiprime ideal. (1) (I, V 1 , W 1 , J) is semiprime. (1) (R, V, W, S) is a prime ring.
(2) R, S are prime rings and R V S , S W R are prime modules. By the same technique, it can be shown that S W R is a prime module. (1) (R, V, W, S) is a semiprime ring.
(2) R and S are semiprime rings. Via similar discussion to proof of Theorem 2.13, we have s = 0. So S is semiprime, by [1, Corollary 21] . Similarly we can prove that R is semiprime, if S is semiprime. If we show that P (T ) = 0, then the proof is completed.
By Theorem 2.9, P (T ) = P (R) V 0 W 0 P (S) where V 0 = {v ∈ V : vW ⊆ P (R)} = {v ∈ V : W v ⊆ P (S)} and W 0 = {w ∈ W : wV ⊆ P (S)} = {w ∈ W : V w ⊆ P (R)}. As R and S are semiprime, P (R) = 0 and P (S) = 0.
We claim that V 0 = 0 and W 0 = 0. Let v ∈ V 0 . Then vW = 0, and so vW V = vS = 0. Hence v = 0, and thus V 0 = 0. Similarly, one can show that W 0 = 0. Therefore P (T ) = 0, as desired.
